Physics Updates for 2025

Maple provides a state-of-the-art environment for algebraic computations in Physics, with emphasis on
ensuring that the computational experience is as natural as possible. The theme of the Physics project for
Maple 2025 has been the consolidation of the functionality introduced in previous releases, speed-up of
several key internal operations, and significant enhancements regarding functional differentiation, in flat
and curved spacetimes. For that purpose a significant extension of the algorithms to simplify tensorial
expressions in curved spaces was performed, specially for handling expressions involving non covariant
derivatives of tensor fields as well as derivatives of Christoffel symbols.

As part of its commitment to providing the best possible computational environment in Physics,
Maplesoft launched a Maple Physics: Research and Development website in 2014, which enabled users

to download research versions of the package, ask questions, and provide feedback. The results from this
accelerated exchange have been incorporated into the Physics package in Maple 2025. The presentation
below illustrates both the novelties and the kind of mathematical formulations that can now be
performed.

Lagrange Equations and simplification of tensorial expressions in curved
spacetimes

LagrangeEquations is a Physics command introduced in 2023 taking advantage of the functional
differentiation capabilities of the Physics package. This command can handle tensors and vectors of the
Physics package as well as derivatives using vectorial differential operators (see d_ and Nabla), works

by performing functional differentiation (see Fundiff ), and handles 1%, and higher order derivatives of
the coordinates in the Lagrangian automatically. LagrangeEquations receives an expression representing

a Lagrangian and returns a sequence of Lagrange equations with as many equations as coordinates are

indicated. The number of parameters can also be many. For example, in electrodynamics, the

"coordinate" is a tensor field 4 (x, v, Z, t) , there are then four coordinates, one for each of the values of
[

the index |, and there are four parameters (x, Y, Z, t) .

New in Maple 2025, the "coordinates" can now also be the components of the metric tensor in a curved
spacetime, in which case the equations returned are Einstein's equations. Also new, instead of a
coordinate or set of them, you can pass the keyword EnergyMomentum, in which case the output is the
conserved energy-momentum tensor of the physical model represented by the given Lagrangian L.

Examples

with( Physics) :



Setup ( mathematicalnotation = true, coordinates = cartesian)

Systems of spacetime coordinates are: {(X=(xy.z1)}

[ coordinatesystems = { X'}, mathematicalnotation = true| 1)

4
The A ® model in classical field theory and corresponding field equations, as in previous releases

> CompactDisplay(®(X) )

D (x, , z, t) will now be displayed as @ ?2)
1 ’ A
> L= d [u](®(X))d [u](®(X))— mT d)(X)2 + (I)(X)4
@00 e
L:= 3 -5t 3

Lagrange's equations

> LagrangeEquations (L, CD)

3
P A—Pm — O(P)=0 @)
New: The energy-momentum tensor can be computed as the Lagrange equations taking the metric as the
oS
coordinate, not equating to 0 the result, but multiplying the variation of the action by
og

(in flat spacetimes ,/ — | ¢ | =1). For that purpose, you can use the EnergyMomentum
keyword. You can optionally indicate the indices to be used in the output as well as their covariant or
contravariant character

> LagrangeEquations(L, EnergyMomentum[uq V]

)
(e wed 3'(@)(@)
T -t - —— g +0,(@)5 (@) ®

To further compute using the above as the definition for 7 , you can use the Define command
W v

> Define((5))
Defined objects with tensor properties

{Yw G“a aP-’ gM, V’ TLL v EO@ B LL v XM} (6)

After which the system knows about the symmetry properties and the components of 7
W v

> EnergyMomentum| definition |

ro e O P (@) 6B(<I)) 5 5
T = T ~ > g, ,19,(2)9 () ™




> Library:-IsTensorialSymmetric( EnergyMomentum|mu, nu )

true )
> EnergyMomentum| |
Tu,\/: &)
4 2 2 2 2 2
Lo @ L 9 e o
4 2 2 2 2 2
4 2
® @ A D m @ ¢
x 4 2
¢X(DZ
® O

New: LagrangeEquations takes advantage of the extension of Fundiff to compute functional derivatives
in curved spacetimes introduced for Maple 2025, and so it also handles the case of a scalar field in a
curved spacetime. Set for instance an arbitrary metric

> g [arb]

Setting lowercaselatin_is letters to represent space indices
The arbitrary metric in coordinates [x, v, Z, t]

Signature: (- -- +)

LX) LX) LX) LX)

LX) LX) LX) LX)
g = 10)
S AVACO I AC.ORVACO RN ACY

LX) LX) L&) LX)

For the action to be a true scalar in spacetime, the Lagrangian density now needs to be multiplied by the
square root of the determinant of the metric

> L= sqrt( — %g_[determinant]) L

0(©)3"(®)  2¢b o
L=/—|g] 5 - + 2 11




New: With the extension of the tensorial simplification algorithms for curved spacetimes, the Lagrange
equations can be computed arriving directly to the compact form

> LagmngeEquations(L, (I))
@ K=’ — 7 (8% (®))=0 12)

Comparing with the result (4) for the same Lagrangian in a flat spacetime, we see the only difference is
that the dAlembertian is now expressed in terms of covariant derivatives D_.

The EnergyMomentum tensor is computed in the same way as when the spacetime is flat
> LagrangeEquations(L, EnergyMomentum[uq V])

) v aB(qn)aB(qn) o
“«V_ N 4 + 2 N 2 gu,v+ Ll( )

(@) 13)

v

General Relativity

New: the most significant development in LagrangeEquations is regarding General Relativity. It can

now compute Einstein's equations directly from the Lagrangian, not using tabulated cases, and properly

handling several (traditional or not) alternative ways of presenting the Lagrangian.

Einstein's equations concern the case of a curved spacetime with metric g  as, for instance, the general
W v

case of an arbitrary metric set lines above. In the Lagrangian formulation, the coordinates of the problem
are the components of the metric ¢ , and as in the case of electrodynamics the parameters are the
W, v

spacetime coordinates X % The simplest case is that of Einstein's equation in vacuum, for which the
Lagrangian density is expressed in terms of the trace of the Ricci tensor by

> L= sqrt( — %g_|determinant)) Ricci[oc, ~alpha]
L=[—|g] R 14

Einstein's equations in vacuum:

> LagmngeEquations(L, g_[u, V])

———— +R =0 (15)

where in the above instead of passing g as second argument, we passed g  to get the equations using
W v

those free indices. The tensorial equation computed is also the definition of the Einstein tensor
> Einstein| definition ]

g R”

LV o
G =—————— +R (16)
v 2 wv

The Lagrangian L used to compute Einstein's equations (15) contains first and second derivatives of the
metric. To see that, rewrite L in terms of Christoffel symbols



> Lc = convert( L, Christoffel)

oA v v B v B v
LC:: [ —|g| g (GV(F OM)—GK(F Ow)—i—[‘ OMF B’V—F OWF Bﬂ») 17)
Recalling the definition
> Christoffel| definition]|
W) Cul(%)

Towv™ 5 T = (18)

in LC the two terms containing derivatives of Christoffel symbols contain second order derivatives of
g . Now, itis always possible to add a total spacetime derivative to Lc without changing Einstein's
W v
equations (assuming the variation of the metric in the corresponding boundary integrals vanishes), and in
that way, in this particular case of Lc’ obtain a Lagrangian involving only 1st order derivatives. The total

derivative, expressed using the inert ¢ command to see it before the differentiation operation is
performed, is

> TD = %d_[oc](g_[~mu, ~nu | sqrt( — %g_[ determinant]) ( — Christoffel[~alpha, L, v]
+ g_[~alpha, u] Christoﬁ”el[~beta, v, B]) )

- [T o B o
TD = da(g [—g] (SH r,,—r M)) (19)

Adding this term to Lc’ performing the ¢ differentiation operation and simplifying we get

> L1 = LC+ D
w y v B v B v -
L= —|g|¢g (GV(F oc,l) B ak(r oc,V) + AT B,V_F avl B’x) " da( 0

W v o B o
g V _|g| (8;1 r B,v_r u,v))
> L = eval(L,%d_=d_)
1 1

v

. v v B By
L={—-|g|eg (GV(F oc,k) _ak(r oc,V) +T LT B,V_F avl B’x) +a“( @D

W v o P o KA
g (611 I B,v_r LLV)|g|g aa(gK,x)

2y ~le]

W v o B o
g )V _|g| (Su r B,V_F p,v) o

[TRY o B o
+e ] (su 0,(r7.)=,(r »))

> L1 = Simpliﬁ/(Ll>
B, o, x o P x
L1 = (Fa,B,KF _rasB I )m @
which is a Lagrangian depending only on Ist order derivatives of the metric through Christoffel

symbols. As expected, the equations of motion resulting from this Lagrangian are the same Einstein
equations computed in (15)



> LagrangeEquations(Ll, g_[uq V])

+R =0 23)

To illustrate the new Maple 2025 tensorial simplification capabilities note that L1 = (22) is no just LC

= (17) after discarding its two terms involving derivatives of Christoffel symbols. To verify this, split
Lc into the terms containing or not derivatives of Christoffel

> Lzz’ L11 = selectremove(has, expand(LC) , d_)

o, A v o, A v o, A B v
L22’L11 = \ _|g| g av(r oc,k) T _|g| g ax(r oc,v)’\l _|g| g r oc,?»r B,v (24)

o, A B v
- _|g|g r oc,vr B, A

Comparing, the total derivative 7D = (19) is not just —L22, but
> ID=—L_—2L
22 11

W v o P o . o, A v o, A
aa(g [=2] (Su r,,—rT M))—— —|2| g av(r M)Jr —2| g ax( (25)

\Y% o, A B v o, A B v
r a,v)_z _|g| g r a,?»r B,v+2 _|g| g r oc,vr B, A

Things like these, 7D = — Lzz -2 L” , can now be verified directly with the new tensorial

simplification capabilities: take the left-hand side minus the right-hand side, evaluate the inert derivative
d and simplify to see the equality is true

> (lhs —rhs) ((25))

W v o P o o, A v o, A
aa(g [=2] (Su r,,—rT M))Jr —2| & av(r M)— —2| g ax( (26)

v o, A B v o, A B v
r a,v)+2 _|g| g r a,?»r B,v_2 _|g| g r oc,vr B, A
> eval((26), %d_=d_)
W v a_ P o KA
g 6 I, —T ) glg 0 (g )
W, v o B o (“ Bav W v o KA
8a<g ) = (8“ r,,-T M)— =n @7)

W v o B ol o, A v
+e ] (su aa(r B’V)—aa(r M))+ T2 2 av(r M)
o, A v ar B v o B
—JTere o (7, ) +2 el e T T —2 e e T
v

r B

> Simplify((27))
0 (28)



That said, it is also true that 7D = —L22 -2 L11 results in the Lagrangian L1 = —L11 , and since the
equations of movement don't depend on the sign of the Lagrangian, for this Lagrangian Lc = (17)
adding the term 7D happens to be equivalent to just discarding the terms of LC involving derivatives of

Christoffel symbols.

Also new in Maple 2025, due to the extension of Fundiff to compute in curved spacetimes, it is now
also possible to compute Einstein's equations from first principles by constructing the action,

> §:= ]ntc(L,X)

. .00 . oo ~ Q
.,_Ook‘_OOJ_OOA

and equating to zero the functional derivative with respect to the metric. To avoid displaying the
resulting large expression, end the input line with ":"

S =

[=T2] R “dxdydzde (29)
o

—

> EEunsimpliﬁed = Ful’ldlﬁ[(S, g_[OC, B]) =0:
Simplifying this result, we get an expression in terms of Christoffel symbols and its derivatives
> EEC:= Simpliﬁ/(EEml_mplwed>
(2r r"—2r r "—2 V(F’“)Jrzv(rxl))ga’ﬁ
nLLK el K o % v
EEC = ) (30)
p B p ea B B
(rax +T Xa)rxll AR oS P S o
" a 4 - 2 T
Foch % Bt X( Ot,B,x) X( B,oc,x) X( x,oc,ﬁ) V“(FBXX)
B 4 + 4 + 4 B 2 B 4
vﬁ(ra’x) vﬁ(r”)
+ — LA
2 4

In this result, we see V' derivatives of Christoffel symbols, expressed using the D_ command for
covariant differentiation. Although, such objects have not the geometrical meaning of a covariant
derivative, computationally, they here represent what would be a covariant derivative if the Christoffel
symbols were a tensor. For example,

o, B, x
> VvV (F ):
x

> %= expand( %)
o B

B B B B o B
v(ra X)=a(ra X)+ra r* et gt 31)
1 1 % H an %1

With this computational meaning for the V derivatives of Christoffel symbols appearing in (30), rewrite
EEC=(30) in terms of the Ricci and Riemann tensors. For that, consider the definition

> Ricci[ definition|




o o B o § o
R =9 (F )—8(1“ )—l—l“ r —-T T (32)
wv o v v 1, o [URY B, o 1o v, B

Rewrite the noncovariant derivatives d in terms of V derivatives using the computational representation
(31), simplify and isolate one of them
> convert( (32), D_)

K K o LS o

A
R =v(ra )—ra r +r° " 4+r° r —v(r“ )—r (33)
v o [TRY o, X wv o, 1 K,V o, v TS v o, U uv

o B o B o
r (M—I-F MVF (X,B—l" OWF By
> Simplify((33))
B o 0@13
Ru,v_ra,&ur y —l“B,H’Vl“OC ( ) ( ) (34)
> C to Ricci:= isolate((34), D_[oc](Chrlstoffel [~alpha L, V]))
B a B
C 1o Ricci= v (ra )=— e, TR+ v (r “) 35)
o W, v o, B, 1 Y Lv o o 1V v o, [

Analogously, derive an expression to rewrite V' derivatives of Christoffel symbols using the Riemann
tensor

> Riemann[~alpha, B, 1 v, deﬁnition]

o 3 o 3 o o v o v
R B,},l,v_ H(F B,V) B v(r B,M) +T U,HF BsV_F v,vr B, 1t (36)
> convert((36), D_)
o o K o o K K o o A
R Baw—vu(r B,V)+r AL AP S oSS oS S vv(r M)—r L G
o A o o A o ) o )
r B’X—F B’VF Ml—i—F LVF B,u+r pﬂul“ B’V—F V’DF b
> Simplify((37))
o B o K K o o o
R =T T T T+ vu(r B’V)— vv(r M) (38)
> C to Riemann := isolate((38), D [u] ( Christoﬁel[~alpha, B, v]) )
C to_Riemann = v(ra )=ra r- -r. ro +gr® +V(Fa ) (39)
3 B’V K0 B’V Bvu KV B,U,V v Bau

Substitute these two equations, in sequence, into Einstein's equations EEC=(30)
> Substitute( C_to_Riemann, C_to_Ricci, EEC)

FB Otl_\vw rﬁwr\va ra FMXM FOLHFKB FB FG,(X,V
_ 7] o) i 4 0] n Al _ A n n v, 0 (40)
4 4 4 4 4
i B_Co o, B i
r Gvrcv(x ]_‘og o, 0 1_‘Oco o s Fra 1_‘1)‘“)
— + — ’ —R —




B, p B § p ) o, B%
era LB (Fax 4T Xa)rxll FUT rrua r Xlrxat rxoc let
B 2 * * 2 B 4 T
r* e v"’(l‘oc B) V“(FM) VV(FM) Vﬁ(r”)
_ X% L _ p] + 3 + v _ v
4 4 4 4 2
B o o, o9 1 1
V‘”(F ) VB(F ) Faﬁ PP Fap P B
_ o n o9 _ P pl n P pl
4 2 4 4
o, B ol0, o9 o ol 09,B
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Simplify to arrive at the traditional compact form of Einstein's equations
> Simplify((40))

-R*" =0 (1)

Linearized Gravity

Generally speaking, linearizing gravity is about discarding in Einstein's field equations the terms that are
quadratic in the metric and its derivatives, an approximation valid when the gravitational field is weak
(the deviation from a flat Minkowski spacetime is small). Linearizing gravity is used, e.g. in the study of
gravitational waves. In the context of Maple's Physics, the formulation of linearized gravity can be done
using the general relativity tensors that come predefined in Physics plus a new in Maple 2025 Physics.-
Library:-Linearize command.

In what follows it is shown how to linearize the Ricci tensor and through it Einstein's equations. To

compare results, see for instance the Wikipedia page for Linearized gravity. Start setting coordinates,

you could use Cartesian, spherical, cylindrical, or define your own.
> restart,
with( Physics) :
Setup ( coordinates = cartesian)
Systems of spacetime coordinates are: {X= (x,y,z,t) }

[coordinatesystems = { X} | 42)



The default metric when Physics is loaded is the Minkowski metric, representing a flat (no curvature)
spacetime

> g []

g = 43)

The weakly perturbed metric

Suppose you want to define a small perturbation around this metric. For that purpose, define a

perturbation tensor 2 , that in the general case depends on the coordinates and is not diagonal, the only
wv

requirement is that it is symmetric (to have it diagonal, change symmetric by diagonal; to have it

constant, change §, (X)) by §, )
> h[mu, nu] =Matrix(4, (i.j) — delta[i, j](X) , shape = symmetric)

5, (X)  3,(X) 8 4(X) B ,(X)

5,(X)  3,(X) 8 4(X) 8 ,(X)
h = (44)
UL 8L(X) LX) LX) 8 L,(X)

81’4()() 82’4()() 63,4()() 64,4()()

In the above it is understood that Si’j < 1, so that quadratic or higher powers of it or its derivatives can
be approximated to 0 (discarded). Define the components of 7  accordingly

wv
> Define((44))

Defined objects with tensor properties

(1000 8,8, 01 o €pn X ) (45)

Define also a tensor LIV representing the unperturbed Minkowski metric

> eta|mu, nu | =rhs((43))

n = (46)
i 0 0 -1 0




> Define((46))
Defined objects with tensor properties

{’Yuﬂ Gu7 6“9 n“’ V) g“’ V, h“’ V, E(X, B, p’ V) u} (47)
The weakly perturbed metric is given by
> g_[mu, nu] = eta[mu, nu] + h [mu, nu]
g, My Th (48)

Make this be the definition of the metric
> Define((48))

Coordinates: [x, .z t] Signature: (--- +)

—1+3§,,(X) 3, ,(X) 8, 5(X) 8, 4(X)

3, ,(X) —1+3,,(X) 8, ,(X) 8, ,(X)

fuv 8, 5(X) 8, ,(X) — 1438, ,(X) 8, o (X)
3, 4(X) 3, 4(X) 3, 4(X) 1438, ,(X)

Setting lowercaselatin_is letters to represent space indices

Defined objects with tensor properties

{ Vel OpR oR v Civar e MvE v b v Tivw Oy Spuy Xu} 49)

Linearizing the Ricci tensor

The linearized form of the Ricci tensor is computed by introducing this weakly perturbed metric (48) in
the expression of the Ricci tensor as a function of the metric. This can be accomplished in different
ways, the simpler being to use the conversion network between tensors, but for illustration purposes,
showing steps one at time, a substitution of definitions one into the other one is used

> Ricci[ definition ]|

o B o
Ru,v:a(l( ) ad (F ) “’VF B’a—l“ u,ocr "p (50)
> Christoffel| ~alpha, mu, nu, defi nztlon]
A ) ) ) o

v 2



> Substitute((51), (50))

] [ £ (A (5) A5 A5) ]

wv 2 (52)
y [ () () ~ ) ]
v 2
() ) 7)) T ou(5) )
4
A G R G Rt G0 ) el Y G B GO )
4

Introducing (48)= gLL i P + hpu ¥ and also the inert form of the Ricci tensor to facilitate
simplification some steps below,
> Substitute( (48), Ricci= %Ricci, (52))
T ) )

+ %((n et ) (3,(3 (Mt 1)) +0u(0,(M + 8 )) =3, (3,

+hw))

) av(n +h0”) (Mt )+ (Mt ) =0 (Mt )

2
_ %((n " ) (3,(0(Mat ) ) 0 (A (Mt L)) =8, (0
1 1 )
) () @) AL 3
) o wr a,x) (3Nt 5, )+ 0, (M) = ak(“mﬁ—i_ha,ﬁ)))
o

_ %((n bo B"”J (3 (Mot ) (Mt 1) = 0Ny 1, L)) (n

o M) (oMo ) F 0N ¥ ) a%(nB’VJth’V)))

This expression contains several terms quadratic in the small perturbation #  and its derivatives. The
W v

new in Maple 2025 routine to filter out those terms is Physics:-Library:-Linearize, which requires
specifying the symbol representing the small quantities



> Library:-Linearize((53), h)

A0, )) N 80 (h)) N 4(0(h,,))
vi T\ o, Ly vV ot al K v
K™ 2 - 2 B 2 : 4)
CAACW) L A M AA)
2 2 2

Important: in this result, ., is the flat Minkowski metric, not the perturbed metric g . However, in
W v

the context of a linearized formulation, LI raises and lowers tensor indices the same way as g .
W, v

Hence, to further simplify contracted products of LI in (54), it is practical to reintroduce

g representing that Minkowski metric and simplify using the internal algorithms for a flat metric
[T

> g [min]

The Minkowski metric in coordinates [x, v, Z, t]

Signature: (--- +)

g = (55
Y 0 0 -1 0

To proceed simplifying, replace in the expression (54) for the Ricci tensor the intermediate Minkowski
n,byeg |
> subs(eta=g_, (54))

o8 () AG()) 8 () (56)
Wy 2 2 2
0O() L # G()) 8 ()
+ 5 + 2 B 2

Simplifying, results in the linearized form of the Ricci tensor shown in the Wikipedia page for
Linearized gravity.

> Simplify((56))

o)



Linearizing Einstein's equations

Einstein's equations are the components of Einstein's tensor, whose definition in terms of the Ricci
tensor is

> Einstein|definition)

G =R — ——— (58)

Compute the trace R * directly from the linearized form (57) of the Ricci tensor,
o

> g [mu,nuj-(57)

B ) BT B 0 B )
> Simplify((59))
vaz—m(ha“) +aa(at(h “)) (60)

The linearized Einstein equations are constructed reproducing the definition (58) using (57) and (60)

1
> (57) = g [mu, nu](60)

(61)

which is the same formula shown in the Wikipedia page for Linearized gravity.

You can now redefine the general # introduced in (44) in different ways (see discussion in the
W v

Wikipedia page), or, depending on the case, just substitute your preferred gauge in this formula (61) for
the general case. For example, the condition for the Harmonic gauge also known as Lorentz gauge
reduces the linearized field equations to their simplest form

> d_[mu](h[~mu,nu]) = %d_[nu](h[alpha, alphal)
au(h “V) = @ (62)

> Substitute((62), (61))

(R



R d(a(n” O (h
AU THETON & o F el
()
g, —D(haa)-l-aa .
2
> Simplify((63))
R O(h D(h “)

Relative Tensors

In General Relativity, the context of a curved spacetime, it is sometimes necessary to work with relative
tensors, for which the transformation rule under a transformation of coordinates involves powers of the
determinant of the transformation - see Chapter 4 of "Lovelock, D., and Rund, H. Tensors, Differential
Forms and Variational Principles, Dover, 1989." Physics in Maple 2025 includes a complete, new
implementation of relative tensors.

To indicate that a tensor being defined is relative pass its relative weight. For example, set a curved
spacetime,
> restart,

with( Physics) :

g_[scl;

Systems of spacetime coordinates are: {X = (r, 0, 0, t) }
Default differentiation variables for d , D _and dAlembertian are: {X = (r, 0, ¢, t) }
Setting lowercaselatin_is letters to represent space indices
The Schwarzschild metric in coordinates [r, 0, 0, t]
Parameters: [m]

Signature: (--- +)

(65)



i 0 0 0
2m—r
0 —7 0 0
g - 2
Y 0 0 —7 sin(0) 0
r—2m

0 0 0

r

Define now two tensors of one index, one of them being relative

> Deﬁne( T[u] )

Defined objects with tensor properties

, I,C

V,y,0,R R
{ 0 % S Svep e Cuvap %

> Deﬁne(R[u], relativeweight =1 )

ad, gu’ oY 1"“’ o G

Defined objects with tensor properties

{V,y,G,R,R ,R
wow

wv' v W pviop

Transformation of Coordinates

Consider a transformation of coordinates, from spherical (7,8, ¢, ¢) to (p, 6, ¢, t) where

>

TR :=r=

m
1+ —
2p

2

| v

TR == r=

1+

W

a » gl»L V, ’Yi,j’ 1_‘“0 v, o

2
m
ZpJ P

The transformed components of 7 and R are, respectively,
u

u
> TransformCoordinates(TR, T[u], [p, 0, 0, t])

<m2 —4 pz) T1

2
4p

o

> TransformCoordinates( TR, R[u], [p, 0, 0, t])

, € X
wv asB5u)V |8

G ,¢ ,X}
TRV VA R TR Y

(65)

(66)

(67)

(68)

(69)



(m —4p2)2R1
4
16 p

) (" —4p) R,

4p2 (70)

(m —4pZ>R3
- 2
4p

(m2—4p2)R4
4p2

where, when comparing both results, we see that the transformed components for R are all multiplied
u

by J" with n =1 and J is the determinant of the transformation:

= Simpliﬁz( VectorCalculus:-Jacobian( [rhs( TR), 0, 0, t], [p, 0, 0, t]) )

matrix

) 2
—m +4p
— 0 0
4p
matrix = 0 : 0 ! (71)
0 0 1 0
0 0 0 1
> J= LinearAlgebra:-Determinant(Jmam_x)
5 2
—m +4p
J=— 72
4p

Relative weight

The relative weight of a scalar, tensor or tensorial expression can be computed using the Physics:-

Library:-GetRelative Weight command. For the two tensors 7 and R used above,
W W

> Library:-GetRelativeWeight( T|mu))
0 (73)

> Library:-GetRelativeWeight( R[mu])
1 74

The relative weight of a tensor does not depend on the covariant or contravariant character of its indices

> Library:--GetRelativeWeight( R[ ~mu])



1 (75)

The LeviCivita tensor is a special case, has its relative weight defined when Physics is loaded, and
because in a curved spacetime it is not a tensor its relative weight depends on the covariant or
contravariant character of its indices

> Library:-GetRelativeWeight( LeviCivita| alpha, beta, mu, nu)
—1 (76)

> Library:-GetRelativeWeight( LeviCivita| ~alpha, ~beta, ~mu,~nu])
1 (77

The relative weight w of a product is equal to the sum of relative weights of each factor

> R[mu]2

R R (78)
u
> Library:-GetRelativeWeight( (78))
2 79
The relative weight w of a power is equal to the relative weight of the base multiplied by the power
1
> 2
R[mu]
1
- (80)
R R
u
Library:-GetRelativeWeight( (80))
-2 (81)

The relative weight w of a sum is equal to the relative weight of one of its terms and exists if all the
terms have the same w.

> R[~mu] + LeviCivita[~alpha, ~beta, ~mu,~nu]-T[alpha] T[beta] T[nu]
e“Prvr 4 RY (82)
o B v
> Library:-GetRelativeWeight( (82))
1 83)
The relative weight of any determinant is always equal to 2
> %0g_[determinant]
|2 | (84)
> Library:-GetRelativeWeight( (84))
2 35

Relative Term in covariant derivatives

When computing the covariant derivative of a relative scalar, tensor or tensorial expression that has non-
zero relative weight w, a relative term is added, that can be computed using the Physics:-Library:-




GetRelative Weight command.
> g, = 20g_| :-determinant|;

gdet = | |
> Library:-GetRelativeT erm( g, mu) ;
v
—2T |2
W, v
Consequently,
> (%D_[mu]=D_|mu)) (gdet);
W12])=0

To understand this zero value on the right-hand side, express the left-hand side in terms of d_

> convert( (88), d_)

evaluate the inert %d

> factor(eval((89), %d_=d_))

1 (2" 0 (8,,) =27 ") 0

(86)

87

(88)

(89)

90)

The factor in parentheses is equal to g *Y Vu < g ) , where the covariant derivative of the metric is
o,V

equal to zero, so

> Simplify((90))
0=0

Consider the covariant derivative of 7 and R defined in (66) and (67)
u u

> Library:-GetRelativeWeight( T[mu])
> Library:-GetRelativeWeight( R[mu])

The corresponding covariant derivatives
> (%6D_[mu]=D_[mu]) (T[mu](X) ):

u(T“(X)): V“(T

> expand((94))

> (%D_[mu]=D_[mu])(R[mu](X));

o1

92)

93)

%4)

95)

s



(X) ) (96)
> expand((96))
2R (X) 9 (r) 9 (8)cos(8) R (X)

0 " H v H
VIR (X)|= + +d R (X)|—-T R (X)) 97
“( ( )) r sin(0) “( ( )) we KO ) OD)
where in the above we see the additional (relative) term
> Library:--GetRelativeTerm( R[ ~mu](X), mu)
v 0
T  JRO(X) 98)

New Physics:-Library commands

ConvertToF, Linearize, GetRelativeTerm, GetRelativeWeight.

Examples

» ConvertToF receives an algebraic expression involving tensors and/or tensor functions and rewrites
them in terms of the tensor of name F when that is possible. This routine is similar, however more
general than the standard convert which only handles the existing conversion network for the tensors
of General Relativity in that ConvertToF also uses any tensor definition you introduce using Define,

expressing a tensor in terms of others.
Load any curved spacetime metric automatically setting the coordinates
restart,

with( Physics) :
g_[sc];

Systems of spacetime coordinates are: {X = (r, 0, 0, t) }
Default differentiation variables for d , D _and dAlembertian are: {X = (r, 0, ¢, t) }
Setting lowercaselatin_is letters to represent space indices
The Schwarzschild metric in coordinates [r, 0, 0, t]
Parameters: [m]

Signature: (- -- +)




. 0 0 0
2m—r
0 —7 0 0
v 5 ) 99)
0 0 —7 sin(0) 0
r—2m

0 0 0

r

For example, rewrite the Christoffel symbols in terms of the metric g_; this works as in previous
releases

> Christoffel [u, a, B] = Library:-ConvertToF ( Christoffel [u, o, B], g_);

d d ad
o i M) Y

Define a 4 representing the 4D electromagnetic potential as a function of the coordinates X and F
i 1Y

representing the electromagnetic field tensors
> Deﬁne(A[u] ZA[M](X), quiet);

{Aua VP-, Yu, Gua R R C a H g}/lq V’ ’Yi,j’ l—‘u’ v, o’ G

2 2 b JE ’X} (101)
Wy owv,o o owvoo Bl wvoooBuv g

> Define(Fu v]=d_[n](4[v]) = d_[v](4[u]));

Defined objects with tensor properties

{AH’ Vu, yu’ FL[’ V’ Gu’ Ru’ V’ RH’ V, (x’ Bﬁ C“’ V, (x’ B’ au’ gu’ V’ ’Yl"j’ ]‘—‘u’ V, (X, GLL’ \/’ ea, B, “’ V, Xu} (102)

Rewrite the following expression in terms of the electromagnetic potential 4
0

> F[p, V] =Libmry:-C0nvertToF(F[p, V], A);

Fu,v :au(Av) - 6V<Au> (103)
In the example above, the output is similar to this other one
> Fldefinition];

F =6“(AV) — 9. (Au) (104)

The rewriting, however, works also with tensorial expressions
> F[mu, nu] *A[mu] *A[nu]

F 4
W v

A (105)

> Library:-ConvertToF ( (105), 4 ) ;
(GM(AV) - 6V<Au) ) A A (106)



* Linearize receives a tensorial expression 7'and an indication of the small quantities 4 in 7', and
discards terms quadratic or of higher order in 4. For an example of this new routine in action, see the
section Linearized Gravity above.

* GetRelativeTerm and GetRelativeWeight are illustrated in the section Relative Tensors above.



